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STORM SURGES ON A CONTINENTAL SHELF

By N. S. HEAPS
The University of Liverpool Tidal Institute and Observatory

(Communicated by J. Proudman, F.R.S.—Received 11 March 1964)
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This paper gives a theoretical analysis of storm surges generated on a continental shelf by moving
wind fields; surges generated in the ocean and propagated on to the shelf are also investigated.

A continental shelf of uniform depth and width, bounded by a long straight coast and connected
with an infinitely deep ocean, is considered. In studying the motion of the shelf sea, bottom
friction and Coriolis force are taken into account, and it is supposed that conditions are the same
in all vertical sections normal to the coast.

The theory is applied to the problem of storm surges on the west coast of the British Isles. It is
shown that these surges are generated by wind fields, associated with moving depressions, acting over
the sea of the continental shelf to the south of Ireland. In two cases the observed surge at Milford
Haven has been reproduced satisfactorily by the theory.

- 1. INTRODUCTION

;E > In a recent investigation, Lennon (1963) has identified weather conditions associated with
O : the generation of major storm surges along the west coast of the British Isles. It appears
[i 5 that large surges occur at Avonmouth and Liverpool when the wind fields of moving depres-
T O sions sweep across the sea of the continental shelf, at a critical speed, towards the coast.
~w In the present paper an attempt is made to gain more knowledge of the mechanism of the

surge generation by considering a simple mathematical model of the continental shelf,
investigating the dynamic response of the water on it to wind stress fields with moving
boundaries. The effects of bottom friction and the Coriolis force are taken into account
and conditions are assumed to be the same in all planes normal to the coastline which is
straight. Theidealized shelf is of uniform depth and width and is connected with an infinitely
deep ocean.
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Some of the depressions mentioned above progress from the ocean on to the continental
shelf and one may therefore suppose that part of the surge at the coast is due to disturbances
generated meteorologically in the ocean and propagated on to the shelf. This aspect of the
problem is examined using the mathematical model by determining the elevation of the
sea surface at the coast due to a prescribed time-variation in the elevation at the oceanic
edge of the shelf, the latter being chosen in the form of a half sine wave to represent an
incoming disturbance. No method is given for the estimation of the elevation at the edge
of the continental shelf in terms of meteorological conditions over the ocean.

The basic wind field defined in the present work covers an area of the shelf sea between
two lines parallel to the coast: the wind stress is constant and uniformly distributed over
this area, having both onshore and longshore components. The variation in elevation of the
sea surface at the coast due to such a field being suddenly created and then maintained is
determined. Fields of this type may be superimposed (with appropriate time lags between
the commencement of each) and the coastal elevation obtained due to a wind region which
is created at the oceanic edge of the shelf and subsequently moves onshore.

Two examples of storm surges which have occurred along the west coast of the British
Isles are considered ; in each case the observed surge at Milford Haven is reproduced satis-
factorily by the theory. In this work, the effect of wind fields, which act over a sea area to
the south of Ireland, is determined. It is assumed that the level of the sea surface responds
to changes in atmospheric pressure according to the statical law (Charnock & Crease

1957)-
2. PrEvVIOUS WORK

The published work on storm surges has been summarized by Charnock & Crease
(1957), Groen & Groves (1962), Lauwerier (1962), and Welander (1961). Here we mention
only those theoretical papers which may be regarded as having a direct bearing on the
presentinvestigation.

Lauwerier (1957 a, b) considered a shelfsea, as defined in the present paper, and calculated
the response of the water level at the coast to several time-dependent uniform wind stress
fields covering the entire sea area; both the effect of the Earth’s rotation and bottom friction
were taken into account. Ignoring bottom friction, Kajiura (1959) also dealt analytically
with the same type of sea and determined water-level changes due to a wind field in the
form of simple progressive waves moving parallel to the shore, and a field commencing
suddenly, rotating in direction, uniform over the shelf at any instant. Reid (1956) described
a graphical procedure for evaluating the response of the sea level at the shore of a sloping
shelf to a wind field moving directly onshore: neglecting the Coriolis force and friction,
one-dimensional hydrodynamic equations were solved by the method of characteristics.
Storm surges due to a model hurricane, moving on a simple continental shelf of constant
depth and width, were investigated theoretically by Ichiye (1962). The equations of motion
were simplified as discussed by Freeman, Baer & Jung (1957) to yield a first-order approxi-
mation to the elevation of the sea surface; from this, a second-order approximation was
deduced.

Several authors have studied analytically the influence of wind fields upon infinite and
semi-infinite seas, usually of uniform depth. Lauwerier (1955) considered the motion of a
half-plane sea subjected to a uniform time-dependent wind field of constant direction,
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including both the Coriolis and frictional parameters. Crease (1956) determined the surface
elevation and horizontal flow due to a stationary force suddenly applied and maintained
over one half of an infinite rotating sea with no bottom friction; the elevation was also
obtained in the case when the edge of the generating area moved forward with a constant
velocity and the effect of a coastal barrier was discussed. Takegami (1936) investigated
the response of the sea surface of an unbounded ocean, and of an ocean bounded by a
straight coast, to travelling wind regions; the problem was treated in two dimensions
(vertical and horizontal directions) without consideration of the Earth’s rotation and as-
suming that there was no bottom friction. Theoretical patterns of the sea-level variations
in an open sea and in some typical models of bounded seas where the meteorological dis-
turbances propagate with a constant speed and there are the effects of Coriolis parameter
and bottom friction, have been obtained by Miyazaki (1952, 1956). In this analysis the
travelling atmospheric disturbances are of the general form f(x— V¢, y) where x, y are hori-
zontal co-ordinates, V is the speed of propagation, and ¢ the time. Long waves in a sea of
infinite horizontal extent, caused by circular wind fields of various types, have been studied
by Ichiye (1950), while Kajiura (1956) has determined the forced wave generated by a
travelling circular atmospheric disturbance in deep water.

The effect of wind, air pressure gradients, and density gradients on the sea level and the
currents near a straight coast have been investigated by Nomitsu & Takegami (1934), and
Nomitsu (1934). Various bottom conditions and the Coriolis force were taken into account.
In the first of these papers the steady state conditions maintained by wind all over the surface
of a semi-infinite ocean bounded by a long straight coast were determined ; the case of an
enclosed sea was also considered. In the second paper, non-stationary conditions brought
about by a constant wind which begins to blow suddenly over a sea bounded by two parallel
coasts were studied. Nomitsu (1935) extended the work for its application to the problem of
the storm surge along the coast of a very shallow sea or in a long narrow bay, neglecting the
rotation of the Earth. The steady-state value of surface elevation was obtained without the
usual assumption that the elevation is negligibly small compared with the total depth of the
water. The changing state in the development of a surge was dealt with by considering sea-
level variationsin a uniform canal of finite length caused by a time-dependent wind (or baro-
metric gradient) over the water surface. The effect on sea level of the movement of a meteoro-
logical disturbance was investigated by considering the case of a force in the form of a
progressive wave acting over an endless canal.

Comparatively little work appears to have been published on the theory of external
surges, which is concerned with the propagation of free waves into a sea across an open
boundary. Goldsbrough (1952) determined the sea-level response of a rectangular gulf
of constant depth to a specified rise and fall in the sea level at its open end. The horizontal
motion of the water was directed along the length of the gulf and the rotation of the Earth
was neglected ; the boundary condition of zero bottom current was employed. The present
paper deals with a similar problem in respect of a rotating shelf sea with a surge input
along its oceanic edge. Proudman (19544) obtained solutions of the fundamental differen-
tial equations relating to storm surges representing damped Kelvin and damped Poincaré
waves in a channel of uniform depth and width; friction and geostrophic effects were taken
into account.

44-2
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Finally, mention is made of a paper by Jeffreys (1923), and one by Hidaka (1953),
dealing with the effect of a steady wind on the sea level near the straight coast of a semi-
infinite sea. Hidaka considered a steady wind blowing in a finite band within a certain
distance from the coast and took horizontal as well as vertical mixing into account.

3. NoraTIiON

A continental shelf of uniform depth and width, bounded by a straight infinitely long
coast-line, is considered. The following symbols are used:

h the depth of the shelf

[ its width

g the acceleration of the Earth’s gravity

Q the angular speed of the Earth’s rotation

) the latitude

p the density of the water, assumed uniform

x,y,z Cartesian co-ordinates; axes Oxyz are left-handed : the origin O isa point on the coast
in the undisturbed surface of the sea, Ox, Oy lic in this surface with Ox normal to
the coastline, and Oz is directed vertically downwards

¢ the elevation of the water surface

u, v, w components of the current in the directions of increasing «, y, z respectively

u,,v, thedepth-mean values of u, v respectively

Y/ the pressure at a point in the water

Da the atmospheric pressure

F,G  the components in the directions of increasing #, y respectively, of the frictional

stress of the water above the depth z on the water below that depth
,G¢ the x, y components of the wind-stress on the sea surface
G, the x, y components of the frictional stress of the water on the bottom
the time

The cross-sectional geometry of the shelf is shown in figure 1.

<
¥y

Ficure 1. Continental shelf.

4. BAsic EQUATIONS
Equations of continuity and of motion are taken as follows:

du dv  dw
wtyt =" (1)
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STORM SURGES ON A CONTINENTAL SHELF 355
- =—3(2+3), @)

G ——5(%+5), ®)

—E+g (4

where y = 2(Q)sin ¢, assumed to be a constant. Equations (2), (8) and (4) are deduced from
the general equations of motion given by Proudman (1953, p. 96) after ignoring vertical
acceleration, the positional terms in the horizontal components of acceleration relative to
the Earth, that part of the horizontal component of geostrophic acceleration proportional to
w, body forces, and terms involving components of internal stress apart from — (0F/dz)/p,
—(96/32) p.

Integrating (4), satisfying p = p, when z = —{; gives

b = batpg(z+0)- (5)
Then (5) in (2), (3) yields
9w 9L 19p, 19F
T T N T sk poz .
dv 0 1dp, 10G (6)
TRy

Integrating equations (1), (6) from the surface z == —{ to the bottom z = £, dividing by
h, and then putting in the conditions

w(z =—{) =—0a¢/0t, w(z="rh)=0,
F(ZZ“C):FSa F(Zzz ) FB:
G(z:_é’) = Gy, G(z="h) = Gp,
' ko Qu ko gy 19¢ )
we get ; i *’hLa dz+59,— %

}%:%dz—zfmgvdz— g(1+i)g§ 1( +}€) ph 2 (7)

h k Z?d Jf udz = — (1+/§)%*‘;(1+/€)%+GMG

or approximately,

l?um 1 g )
+ a T =Y
My __ I 10p  Fs—Fy |
9t Vo gc?x p ox T ph (8)
ot TVm ——g3; W o T )

It is assumed (Proudman 1954.4) that
Fp= 2kphum,}

9
Gy = 2kphv,,, (9)
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where £ is some constant. Then (8) takes the form
Oty | 90y, LOG_
dx ' dy " hdt 7
du,, 9 1dp,
ot L &k p 0x +ph’? (10)
dv 9L 1dp,
L RSP AR

Supposing that the motion on the shelf is the same for all sections normal to the coast,
dependency on y is eliminated and equations (10) reduce to

19
o That
ou 1o F|
it R (9x—p 3x+ph’ (11)
i) Gy
¥ "1 2kv,, +yumﬂﬁ. ]

5. SURGE INPUT FROM THE OCEAN

We shall determine the dynamic response of the water on the continental shelf to a
prescribed time-variation in the sea level at the oceanic edge, written

{=f(t) at x=L (12)
The variation is taken to represent an oceanic surge incident on the shelf. This assumes
that { at x = [ is completely determined by incoming oceanic disturbances.
It is supposed that wind stresses and horizontal atmospheric pressure gradients over the
sea surface are zero, so that equations (1 1), which we assume are applicable, reduce to

19 )

L )
du o 0¢
a —2 4 2ku,, —yv,, =—ga( (13)
o — 2+ 2kv,, +yu,, = 0.
9t Vem
Initially the water is considered to be at rest, in equilibrium, and therefore
Uy =10, =C(=0 when ¢=0. (14)
With these conditions, it follows that taking Laplace transforms in (13) yields
du,, s
dx € -
dg (15)

(5+2k) ﬁm——)@m - gdx

(S+2k) 1—)m+'yﬁm =0,
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STORM SURGES ON A CONTINENTAL SHELF 357
where the Laplace transform of a function R(x, t) is defined by

Rx,s) = f " e~5tR(x, 1) dt.
0

Eliminating 9,,, { from equations (15) gives

d%,,/dx? = %, (16)
2 SL(s+2k)2+97]
where o? = tokRgh - (17)
Solving (16) and then using (15) to express 7,, and { in terms of %,,, we get
u,, =A cosh ax+ Bsinh ax,
¥,, = —[y/(s+2k)] (4 cosh ax + Bsinh ax), (18)

{ = — (ah/s) (4Asinh ax+ B cosh ax).

The condition of zero normal flow to be satisfied along the coastline is

,=0 at x=0. (19)
From (19), (12): i, = at x=0,
{=Ff(s) at x=1 } (20)

Combining (18) and (20) the constants 4, B are determined and ¢, %,, 7,, are obtained as

follows:

- cosh ax
{=Js) coshal’

__ $f(s)sinhax
Un=""py coshal’ | (21)

~ _ ysf(s) sinhax
U = ha (s+2k) coshal”

The inversion theorem of the Laplace transformation then gives

1 (mHe_ coshax
6= om yﬂwf Q) coshal * ds, (22:1)
1 (rHegf(s) sinhax ‘
Um = "om . coshal © ds, (22:2)

+ie H
1 ysf(s) sinhax ds (22-3)

and Um = om y1—ico Bt (5+2k) coshal e

In each integral, 9, is real and positive, greater than the real parts of all the singularities of
the integrand.

6. SURGES GENERATED ON THE SHELF BY WIND

Consider the motion generated on the continental shelf by a steady uniform wind-stress
field created suddenly at time ¢ = 0 over the area of sea surface between x = ¢ and x = /.
Suppose that the wind stress has an onshore component of magnitude P, and a longshore
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component (in the direction of Oy) of magnitude Q. Here, a, P, () denote constant values
(figure 2). Then 3, /9% — 0

Fe=Gg=0 (0<x<a), (23)

Fy——PH(f), Gy=QH(t) (a<x<l),

where H(¢) denotes Heavyside’s unit function. Under these conditions equations (11),
assumed again to be applicable, become, for 0 < x < q,

19¢
m
x Tha =9
ou, i
—__go® 24
5 + 2ku,,—yv,, £a00 (24)
agt -+ 2k, +yu,, = 0;
:
i
[
| Q
|
L
I
|
I
(%4 i
0% :x:a &=l
|
coast : oceanic
| edge
[
|
|
!
i
!
Ficure 2. Continental shelf, showing an area between ¥ = @ and x = [ over which the
wind stress has an onshore component P and a longshore component Q.
and for a < x <[, du,, 1%20
dx ROt ’
du ¢ P
’
a % 2ku,, — —85— H(3), (25)
dv _ @
a —24 2k, +yu,, = hH()

Assuming that the water is at rest initially, the condition given by (14) is again satisfied,
and therefore taking Laplace transforms in (24) and (25) yields, for 0 < x < q,

4T (26)

(S+ 2k) Uy YUy, =
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STORM SURGES ON A CONTINENTAL SHELF 359
and fora < x < |, dz,,
Ttz 2l=0,
. d¢ P
(s+2k)@,,—yv, S o Y (27)
Q
(s+2k)v,,+v4,, = = ks’ J

The general solution to equations (26) has already been found and is given by (18). Hence,
for 0 < x < a we may take

4,, = A, cosh ax+ B, sinh ax,

¥,, = —[7/(s+2k)] (4, cosh ax -+ B, sinh ax), (28)

{ = — (ah/s) (4, sinh ax+ B, cosh ax).
Eliminating 7,,, { from equations (27) gives
2 —
%ﬂ T ;;;Zk?ﬁ%g : (29)

Solving this equation, and then using (27) to obtain 7,, and {, it follows that, fora < x </,

P(s+2k) —y Q)
pgh*a®(s+2k) °’

u,, = A, coshax+ B, sinh ax—

_ Py(s+2k) —y°Q Q (30)
—[y/(s+2k)] (4, cosh ax+ B, sinh ax) + gk (s 1 2R +phs(s+2lc) ,
Q’ = — (ah/s) (Aysinh ax+ B, cosh ax).
In the absence of surges coming in from the ocean we assume that
(=0 at x=1L. (31)
From this and the coastal condition (19) it is deduced that
(=0 at x=1|
_ (32)
u,=0 at x=0.

Also, continuity of flow and pressure requires the continuity of #,, and ¢, and hence of %,
and {, at ¥ = a. These conditions applied to (28) and (30) determine the constants 4,, B,
A,, B,. Subsequently it is found that for 0 < x < q,

i [P(s+2k) —yQ] sinh {«(!—a)} sinh ax

m T pgh?a® (s 2k) cosh al ’
5 y[P(s+2k) —yQ] sinh {a(I—a)}sinh ax
™ pgha?(s—+2k)? cosh a/ ’
7 [P(s+2k) —yQ] sinh {«(/—a)} cosh ax
pghas(s-+2k) cosh o/ >

(33)

and for a <x </,
_ P(s4-2k) —yQ[coshaacosh {a(l—x)} 1] )
Um = pehPa?(s 1 2F) coshal ’
- _ _y[P(s+2k) —yQ][coshaacosh {fa(l—x)} 1]+ {
=T pghta (s 2K)? coshal phs(s+2k)°
[P(s+2k) —yQ] cosh aasinh {a(l— x)}
pghas(s+2k) cosh al

(34)

o~d

J

45 Vor. 257. A.
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Inverting these expressions we get
foro <x <a,
1 1 e sinh {a(/—a)}sinhax )
= =i i f P2k Q) g s (35:1)
1y e sinh{¢(/—a)}sinhax )
n = 5 2P | TPl 2k Q1 B e (35-2)
B sinh{a(/—a)}coshax . )
6= 2mi @fyriw [P(s-+2k) 7] as (s+2k) cosh al eds; (353)
and for a <x </,
viti® P(s4-2k) —yQ[coshaacosh {a(l—x)} :I o )
U = 27r1 pgh? J‘ yimio  0(5+2Kk) coshal L|etds, (35+4)
1y vt P(s+2k) —yQ [ coshaacosh {a(l—x)} y Q o
Om = —2ﬂi,;g—lﬁf7riw o?(s-+2k)? cosh a/ l]e ds+2k h( —em),
. (35°5)
11 [k coshaasinh {o (I—x)} )
6= 2m pgh) i [P(s+2k) —Q] as(s+2k) cosh al eds. (345 6)

7. ELEVATION ON THE SHELF PRODUCED BY AN OCEANIC SURGE
In equation (12) take ) = H(§) ¢, sin ot. (36)

According to this relation the elevation of the sea surface at the oceanic edge of the shelf
rises from zero at ¢ = 0 and subsequently executes simple harmonic oscillations of amplitude
{,, and period 27/w about its zero value. The resulting elevation on the shelfis, from (22-1),

given by i
£ —1~ " R @ 5 cosh ax estds. - (37)
Cn  2mJ o s+ w? coshal

The problem now is to evaluate this integral using the calculus of residues. The inte-
grand, a single-valued function of s, has singularities at s = +iw and at the roots of

coshal = 0.
Solving this equation gives

ol =+ 2n—1)7m (n=1,2,8,...), (38)
from which, using (17), we get

(s+2k+ 7 2k) —gh(@n—1)2 T T (39)
Equation (39) is a cubic in s. When
L8k2 < 4y gh(2n—1)% m2/[? (40)
its roots are of the form —A,, —p, i, (41)
where A, #,, v, are real and positive such that
0 <A, < 2k, (42)
P = 2k — 5y (43)

= L{312—8kA,+ 492+ gh(2n—1)2 n2/[2}}. (44)
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It is expected that the inequality (40) will be satisfied for all z over a wide range of natural
conditions, for it certainly holds when 184 < 4y?%, i.e. when sin¢g > £/Q./3, which, on
taking & = 0-045/h (following Lauwerier 19574) and Q= 0-2625/h, gives ¢ > 5°41".
We shall therefore assume that the roots of (39) are of the form given by (41).

1 A
1
1
i
+iv, o'
—Lgt+1ls
a |
|
~prativg @f
[}
o
Lo
~pg iy o:
[
~pativy® |

"1
e

—p i@

P mmmmmmmm e

+iwe

hé,‘

real axis

@

Y

=iy @

~po-iv, @

iz-ivye)

—/u4~i1/4o|
|
’}tts— IVsﬁ}

P =2k Ns——

Ficure 3. Complex s-plane showing poles of the integrand L.

It follows that the integrand in (37) has simple poles at

§=4iw, —A, —u,+iv, (n=1,2,3,...).

\ _ 8k[%y? 1
From (39), ——An——2k+gh(2n_1)2ﬂ2+O((zn_1)4), (45)
and therefore as n— 00, —A,— —2k. The sequence —A,, —4,, —A, ... is monotonic decreas-
ing and the limit point — 2% is a non-isolated essential singularity of the integrand (Phillips
1945, p- 101). From (42), (43), (44): —2k < —p, < —kforalln, —u, -~ —kand v, - o0 as
n—> oo (figure 3).
For convenience in the work which follows equation (37) is written
C 1 y1+io

v = = LdS, 46
ém 2m y1—iw ( )

w coshoax

_— T St
$24+w? coshal e (47)

where
We consider the contour integral
1 .
J=5- f Ld, | (48)

45-2
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362 N. S. HEAPS

where I'is a closed contour in the complex s-plane (figure 4) consisting of:

(i) the straight line joining y, —1,/(R?—79%) to y, +1./(R%?—y%) denoted by I} ; R is greater
thanvy,, 2k, and v;

(i) that part of the circle s = Re' lying to the left of this line, denoted by I',;

(iii) a circle of radius 7 with its centre at s =—2£, denoted by I's; r <R—2k and
r<2k—u;

(iv) the upper and lower edges of a narrow slit extending along the real axis between
§=—2k—rand s =—R.

.—/LL,+iIJ1

]

Yi(RERY

Ficure 4, Diagram of the complex s-plane showing the closed contour I,

The contribution to J coming from the integrals along the edges of the slit is zero and
therefore, by Cauchy’s residue theorem,

:iTU Lds+f Lds+f Lds]
2m m Ty I's (49)

= sum of the residues at the poles of L which lie within I',

Consider now the non-zero roots of

|coshal| = 1.
These satisfy al = tinmr  (n=1,2,3,...),
i.e. from (17) s{s+2k-+y2|(s+2k)} = — ghn?n?|[2.

It is assumed that (40) is satisfied and therefore this equation has roots, similar to those of

(39), of the form —A,,  —ptw, (n=1,2,3,...),
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STORM SURGES ON A CONTINENTAL SHELF 363

where Ay, 4, v, are real and positive such that

0< A, <2 (A, —~2 as n—>o0),

= 2k~
vy = H{BA,2— 8KA, + dy2 4 dghn?n? |,
We take r=2k—A4, (50)
R = (g2+v2)t. (51)

Then, as n— 00, 7—0 and R - 00; # may be chosen large enough to satisfy the conditions
already imposed on the magnitudes of 7, R. From (50), I'; passes through s = —A; and,
using an expansion for —A;, similar to that for —2,, given by (45), we get

r = 2kI2y?[ghn®n? 4 O (n~*).
If ry denotes the radius of the circle concentric with I'; through —24,,
ry = 2k— Ay = 2kI%y2?|gh(N—})?n?+ O{(N—%)~4}.
It follows that, for n large enough,
ry>r (N=1,238,...,n);
ry<r (N=n+1,n4+2,n4+3,...).
From (51), T, passes through s = — g, 4-iv;, and
R — [(2k— )2+ ghw'm?[i7]}
— mm(gh) 1+ 0(1/n).
If Ry denotes the radius of the circle concentric with I, through — uy4-ivy,
Ry — (+73)}
= [(2k—Ay)*+y*+gh(N—§)*n?|1P]}
= (N—4) 7J(gh) /14 O{(N—%)~"}.
It follows that, for sufficiently large 7,
Ry <R, N=1,2,3,..,n;
Ry>R, N=n+1,n4+2,n+3,....
Hence, with 7, R given by (50), (51), for large n the poles
=y =gy ey — A5 IV, — g 1Vgy ey —p, 1Y,
lie within I', and the poles

L S T R A TT T = UMYy
outside it.

We have, therefore, that as n — co through sufficiently large values, R - co and r — 0,
and I'never passes through a pole of the integrand L. In proceeding to the limit under these

conditions, cosh ax

cosh al
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is bounded on I'; and I';, and as a consequence it may be shown that

f Lds—0, [ Lds—o.
Ty

I's
Also, ——l—f Lds +~Lf71+leds = < .
2mi J p, 2mJ o Cn
Hence, from (49)
/¢, = sum of the residues at all the poles of L. (52)
The residues are determined as follows:
(Residue at s = iw) + (residue at s = —iw)
1 l: - (cosh ocx) ot (COSh ox
= -—| € —€
21 coshal /., cosh a/ )sz_iw]
{(cosh &x cosh &l cos nx cos 7 +-sinh £x sinh £l sin g sin gl) sin vt }
+ (sinh &x cosh &l sin g« cos 5/ — cosh gx sinh &l cos 7x sin /) cos wt
= 2 >
« cosh 2£/4-cos 27/
where E=ocosiy, n=osiny, (53)
— _ af{(y-w)“r4k2}{(7+w)2+4k2}]‘1“
in which o= l: (P 1 4R R 54
2 2 2
J — tan! 2k (y?+ 4k + v?)

w(y?—4k2—w?) 1
It should be noted that when inverse tangents are given in the form
tan~! (Y',/Y,) =Y, say,
sin Y has the sign of Y}, and cos Y’ the sign of Y.

1) — w I: cosh ax :l o= ln
" w24 221d (coshal) [ds -,

ngho(2n—1) (2k—A4,)?
BP0+ 2) [(F—1,) (2k—4,) k]

(Residue at s = —u,+iv,) + (residue at s = —p,—1iv,)

(Residueats = —

= (—1)r*1 cos{(Zn—«l)%} e~ M,

= 2 X (real partofresidue ats = —p,-+iv,)

_ gg{ 20 . I: cosh ax ] e(——,u,,,+iv,,)t:
w2+ (—p,+iv,) 2 Ld(cosh al) /s L= 4,1,
nghw(2n—1 mx
= (—1)r*1 %En ) cos{(2n— 1) QZ} cos (v,t—0,—X,) el
where D, = {(&* 43 —v2)* -+ 4uivi}t,
E, = {[k—p,+ (ky?|d}) cos 20,1+ [v,— (ky*/d}) sin 20, ]2},
- — 24, v ]
— 1| _ "2V 55

0, = tan l:wz g (55)
Xp = tan-1 Vp— (/Wz/d;%) sin 2071

-+ (72| d2) cos 20, 1


http://rsta.royalsocietypublishing.org/

s |
PN

/

AL

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

I B

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

STORM SURGES ON A CONTINENTAL SHELF 365
in which d, = {(2k—p, )13, } (56)
0n = tannl [Vn/(Qk —ﬂn)]

Summing the residues we get, from (52),

(cosh &x cosh £l cos x cos 771+sihh§xsinh§l sin x sin pl) sin w¢ }
[ { -+ (sinh gx cosh &l sin gx cos 5l — cosh &x sinh &l cos 7x sin 1) cos wt)
Cn cosh 2£[+-cos 25!
mgho S jyue (2n—1) (2k—1,)" { B y} ot (B7)
+ 22 ngl( 1) + (w2+/172z) [(k*’/ln) (Qk'—'/ln)z—}—k’yz]cos (272 1)2l €
ho 2 2n—1 o
750 3 (1 G cos (o) G cos (-0, e

This gives the elevation { = {(«, ) due to motion generated from a state of rest at £ =0
by an oscillation { = {, sinwf applied at x = [ for ¢ > 0. It follows that for an oceanic surge
incident on the shelf, represented by a simple rise and fall of the water level at x = [ given

by the half wave {=Csinet (0<t</w)
=0 (t=alw), }
the elevation on the shelf is
{={x1) (0< < m)
={(x, ) +Ll(x, t—7w) (¢ = 7|w). }

It is easily seen that ¢/, given by (57) may be rewritten in terms of the following non-
dimensional parameters:

deafl, E=8, f=1l
= (D), | -
K=k((gh), 7 =v(J(gh), & =w(llJ(gh),
A, =L (gh)s = pw(U[J(gh)), P, =v,(I]J(gh)).
It follows from (39) that —~ﬁn, — b, -+iP, are the roots of
$(G+2k+9% (5 +28)) = —1(2n—1)2m2, (59)
where § is the variable, related to s by
5 — s(1/(gh)). (60)

8. ELEVATION DUE TO A STATIONARY WIND FIELD SUDDENLY CREATED
OVER PART OF THE SHELF

The integrals (35-3), (35:6) are now evaluated. The elevation of the sea surface on
the shelf produced by a steady uniform wind stress field, with onshore component P and
longshore component @, created suddenly at time ¢ == 0 over the area of the shelf between
x = a and x = [, is thus determined.

From (35-3), for 0 < x < a we have

pyrtieo
=5 [

2m y1—io

Mds, (61)
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1 sinh {a(/—a)}coshax
where M_@[P(S+2k)—7Q] 25(5+2F) cosh ad es. (62)

Here, M is a single-valued function of s with simple poles at
§=0, —A, —u,+iv, (n=123,...)

and a non-isolated essential singularity at s = —2k. Following again the procedure de-
scribed in §7 we consider the integral of M to be taken round the closed contour I'in the
complex s-plane (figure 4) with r given by (50), and R by (51). It may be shown that as
n— oo in (50), (51), so that 7 — 0 and R — oo, then

Mds — 0, Mds — 0,
Ty I's

A 1 1 [rrtio

and also o] Mds > f Mds —¢.
2m 277 y1—ic

Hence, using Cauchy’s residue theorem, we deduce that
{ = sum of the residues at all the poles of M. (63)

The residue at s = 0 is (P yQ) l—a
2k) pgh

and at s = —A,, is

1 sinh {¢(/—a)} cosh ax et
{;)‘gﬁ [P(s+28) —7€] as(s+2k) d(cosh af) /ds}s__h

o (2k—10) [P2k—1)—yQ] . ((2n—1)m(l—a)| ((@n—1)mx| _,
=D, 1k, <2k—an>2+yky2>]““l g eos[Hrg e

Also we have:
(residue at s = —py,+1v,) + (residue at s = —pu,—1v,)
= 2 X (real part of residue at s = —p,+iv,)

B 1 sinh {a(/—a)} cosh ax e’
B 2‘%{ pgh L2k =70 as(s+2k) d(cosh ol) /dsl__ﬂ”+,V”}

—(—1) 21 in:(Qn——l)ﬂ(lwa)}cos{(Qn—l)mc

} cos (Vnt—Xn+¢n) e—,unt’

plE 21 21
—2PQy(2k — ) |d2 -+ 12 Q
where I, = 5
. (ﬂzz;; - ! (64)
— - Y nl/n -1 &
P =07 P d2) <2k—ﬂn>J+m ()

Hence, from (63), for 0 <x < a,

Q\!
§:(P 7/2/-c) pgi?
(2k—A,) [P(2k—A,) —yQ] (2n—1) 7 (l—a) (2n—1)mx} _,.,
3 (-1 V[ ) (2k— /1)2+yk72] “{ o a}c"s{ i x} !

+n§1(~1)np~‘3% Sin{(%—lgl (I— a)} OS{(Qn_Qll)nx}cos (0t 4. e, (65)

n
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STORM SURGES ON A CONTINENTAL SHELF 367
Similarly, evaluating the integral (35-6), we get, for a < x </,

_ VQ)I x
¢= (P 2k/) pgh
e (B [PEE) Q] (@) (L) o 20—t
+,,§1 () TR ,Y (=22 k"] ‘“{ 2l C"S{ al )¢
2 2 2L . (2n—1)m(l— x); (2n—1) ma } B iy
+n§1 (—1) ,olEnsm{ 2 { ol cos (V,t—x,+¢,) e7#t. (66)
Equations (65), (66) give the elevation of the sea surface over the entire area of the con-
tinental shelf at any time following the sudden creation of the wind field between x = a and
x =

9. COASTAL ELEVATION DUE TO A WIND FIELD WITH A MOVING BOUNDARY
Suppose that the boundary, ¥ = a, of the wind stress field considered in §8 moves with
a velocity V towards the coast, where V' is a constant or some function of the time £ Then
a is a function of ¢ such that V = —(da/ds). (67)

As the boundary moves towards the coast, the area between x = a and x =/ covered by
the wind field increases. We consider the case when the boundary traverses the entire
width of the shelfin a time 7', moving from the oceanic edge x = [ at # = 0 to the coast-line
x=0at¢= T. Accordingly, no wind field exists over the shelf at £ = 0, but a wind area
subsequently spreads shorewards from the ocean and covers the shelf when ¢ > T. The
variation in sea level at the coast resulting from these changes is now determined.

Let { given by (65), evaluated at x = 0, be denoted by {;. Then,

Q)i
o= (P50) i
- (2% 4,) [P(2k—2) —1Q) g (Zn=1)7(i=a)} _,,
* & 0 @
+n§l (__ 1)71[02[2‘! sin {(2” 1)2l (l d)} Cos (Vnt—xn+¢n) e~#nl, (68)

n
{y(t,a) thus given is the coastal elevation at time ¢ due to a stress field with components
Fg= —P, Gy = Q created at ¢ = 0 between x = a and x = /. Hence

Co(t—T1,a+da) —Eo(t—1,a)
= %_0 (t——T a)da

3€o
" da

—_p%
=—V " (¢—1,a) d'rJ

\

(¢— T,a)d dr } t>71

is the coastal elevation due to a field with components of opposite sign created at ¢ = 7
between x = a and x = a+da, a and ¥ now being regarded as functions of 7. Integrating
from 7 = 0 to 7 = ¢, it follows that

gz-.f‘ V(7)%~9 (t—ma())dr (0<t<T)

(69)
[T G2 e—namyar ¢=1)

46 Vor. 257. A.
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gives the variation in sea level at the coast due to the wind field with the moving boundary
defined above. In the case when V is a constant, we have

V=T, a=1-Vr (70)
and (68) in (69) yields, for 0 <:< T,
V (p_1¢
C (P!
d (2k—-2,) [P(2k—A,) —yQ] (2n—1)7V _, o (2n—1) VT
AR Al [ —,) (2= i e [ ereos 270 T ar
I, (2n—1)nV

dr

+E(—-l) E gy c foeﬂﬂcos(vt Vv, T— Xn+¢n)cos{(2n QIZ)WVT}

n

andfort> T,
V(p_19
6= pgh(P Qk)T
e (2k=A) [P(2k—4,) —yQ] (2n—V)aV _, (T . . ((2n—1)aVr
+Z( O o oAy @ =) k] 2 © tfoe COS{ 2l
+§( 1)~ 22‘( QI)WV “l‘"‘j:eﬂ”cos(Vnt~v,,'r»——x,,+¢n)cos‘@n—'«;}l&}dr.

n

Jar

After evaluating the integrals in these expressions we get, for 0 <: < T,

Q\ Vi
(= (P-%5) 2
o (@A) [Pk—L)—1q]
T2 D" T, @k AT ] (1 D)
[sin{ZDT g o (=) ]

el . 21 . ((2n—1) wt}
+ 2 (-1 plEn[JncosAnsm{—QT_

n=1

(2n—1)m

+I(ncos‘P’ncos{ o t}—Kne‘ﬂntcos(V,,tJr‘Fn)]; (71-1)

and fort > T,

7Q
€=(P Qk)pgh
B L) 0

2 0 e @ A e (1 L1 e e

F3 (21 2 [ 1 D008 (8 T) A — Ky écos (4]
n=1 n
27T 27T, 2Ty, (71-2)

(2n—1n) 7’ by = _(Zn—l) T (2n~lrl)%’
J, = [(1+02—e2)24-40262] 4,
K, =J, (03+e2)?,

. -1 26\n“;n ) [ 72
A, =tan (1+8,2,—e§ , (72)
Y, = A,—tan™! (5’—)

n &

where B, =
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STORM SURGES ON A CONTINENTAL SHELF 369

Equations (71-1), (71-2) give { at the coast (x = 0) due to a uniform wind stress field
with onshore component P and longshore component @, which extends steadily across the
shelf from the ocean behind a straight boundary moving with a uniform velocity ¥ normal
to the coast. By definition, @) is directed along the positive y-axis which points to the right
of an observer looking towards the coast.

10. APPLICATION OF THE THEORY

The theory developed in the preceding sections is now used to investigate the generation
and propagation of storm surges on the continental shelf lying to the south of Ireland. For
theoretical purposes a rectangular area of the shelf sea, ABCD, is considered (figure 5).
Then, in the mathematical model, the coast line x = 0 is assumed to lie along BC and the
oceanic edge, x = [, along AD. It follows that AB = CD = [ = 380km. The depth 4 is taken
as 100 m which is approximately the mean depth of water within ABCD. Using the relation:
y = 2Qsin ¢, with Q = 0-2625/h and ¢ = 50°42', leads us to assume y = 0-405/h. Also
we take £ = 0-045/h (Lauwerier 19574) andg = 9-81 m/s2

Ficure 5. Shelf area (ABCD) considered in the numerical example; — ——— 100 fathoms.

46-2
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The first step in the numerical procedure is to evaluate the roots of equation (39). This
has been done for n = 1,2, ..., 10, and the values of A, #,, v, obtained are given in table 1.

The subsequent numerical work is divided into two parts. First, using expressions
derived in §7, the elevation of the sea surface along the coastal edge BC, produced by a
surge input to the shelf along its oceanic edge AD, is determined: two cases are considered
corresponding to an incoming surge of 9 h duration and one of 18 h duration, respectively.
Secondly, using results obtained in §8 and §9, the response of the sea level along BC to
wind fields acting over the area ABCD is investigated.

TaBLE 1. VALUES OF A, #,, v, (HOUR™?)

n A, Fon vV,
1 0-051078 0-064461 0-61532
2 0-083032 0-048484 1-4550
3 0-087361 0-046319 2-3649
4 0-088634 0-045683 3-2874
5 0-089169 0-045416 4-2141
6 0-089442 0-045279 5-1428
7 0-089600 0-045200 60725
8 0-089699 0-045150 70029
9 0-089765 0-045117 7.9338
10 0-089812 0-045094 8-8649

(a) Surge input from the ocean
We consider the case when 7/w = 9h. Then, from (12) and (36),

(= H(t) {,sin (mt]9) at x=], (73:1)
where ¢ is measured in hours. After evaluating the functions g, ¥, &, 7 given by (53), (54),

and the functions d,, 0,, D, E,, ©,, x, (forn = 1,2, ..., 10) given by (55), (56), it follows from

n> nd

(57) that, at x = 0,

C£ — 075946 sin (0-34907£) — 0-28030 cos (0-34907¢)

" 10-07971 exp (—0-051078¢t) +0-59299 cos (0-61532¢+1-2033) exp (—0-064461¢)
—0-00740 exp (— 0-083032f) —0-09967 cos (1+4550f+ 1-4953) exp (— 0-048484¢)
+0-00176 exp (— 0-087361£) +0-03730 cos (2-3649¢+ 1-5296) exp (—0-046319¢)
—0-00066 exp (—0-088634¢) —0-01924 cos (3-2874¢+1-5423) exp (—0-045683¢)
+0-00031 exp (—0-089169¢) +0-01169 cos (4-2141¢+1-5489) exp (—0-0454167)
—0-00017 exp (— 0-089442¢) — 0-00784 cos (514284 1:5530) exp (—0-045279¢)
+0-00010 exp (—0-089600¢) - 0-00562 cos (6:0725¢-+1-5558) exp (— 0-045200¢)
—0-00007 exp (— 0-089699¢) — 0-00423 cos (7-0029¢-1:5578) exp (—0-045150¢)

1+0-00005 exp ( — 0-089765¢) +0-00329 cos (7-9338¢ 4 1-5594) exp (— 0-045117¢)
—0-00003 exp (— 0-089812¢) — 0-00264 cos (8:8649¢+ 1-5606) exp (—0-0450947),
(73-2)

terms corresponding to z > 10 being ignored. The first two terms in (73:-2) represent the
Jforced response of the sea level at x = 0 to the oscillation applied at x = / defined by (73-1).
The motion on the shelf is generated from a state of rest at £ = 0 and transient oscillations


http://rsta.royalsocietypublishing.org/

I

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

I B

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

STORM SURGES ON A CONTINENTAL SHELF 371

in the form of shelf seiches are set up. These are represented in (73-2) by the terms involving
products of cosine and exponential functions. The terms, in the order given above, corre-
spond respectively to n =1,2,3, ..., and each represents a mode of oscillation of period
2n/v,. The mode corresponding to n = 1 is predominant with a period of approximately
10 h. The modes decrease in period and amplitude with increasing z. The pure exponential
terms in (73-2) are present because of the rotation of the Earth: their contribution to
/¢, at x = 0 is one which decreases steadily with time. In the above example this non-
periodic part of {/{,, is small compared with the free oscillatory part.
Let { given by (73-1) be denoted by {; and take

(=4O +§(—9) at x=L (741)

Then the elevation of the sea surface at the oceanic edge of the shelf varies with the time
in the form of a half sine wave, rising from zero at ¢ = 0, attaining a maximum value of {,,,
and falling to zero again at ¢ = 9. The variation represents a surge input to the shelf of dura-
tion 9 h. Corresponding to this input we have the response

¢/C, = H(t) Z(t) + H(t—9) Z(t—9) at x=0, (74-2)

where Z(¢) denotes {/{,, given by (73:2).

Both the surge input at ¥ =/ (defined by (74-1)) and the resulting elevation of the sea
surface at x = 0 (obtained from (74-2)) are plotted in figure 6 (a). It is of interest to note
from the figure that there is no amplification of the surge in its passage across the shelf—
this may be attributed to dispersion caused by the rotation of the earth and dissipation of
energy by friction. In the response at x = 0 we may recognize damped oscillatory motion
due to shelfseiches. The fundamental mode with a period of approximately 10 h is evident;
the higher modes are present to a lesser degree and give the response curve its somewhat
irregular appearance. The mean level in the oscillatory motion decreases steadily as the
time increases, indicating pure exponential terms in the response

Calculations have also been carried out for a second case in which the surge input to
the shelf is of 18 h duration. The results are shown in figure 6 (). The surge height turns out
to be smaller at x = 0 than at ¥ = /. Damped oscillatory motion with a period of approxi-
mately 10h is again evident at ¥ = 0, but the pure exponential response is now more
prominent than in the first case.

(b) Surges generated on the shelf by wind fields moving onshore

Analytical results obtained in §§8 and 9 are now applied to study changes in sea level
produced by wind fields acting over the rectangular area of shelf ABCD shown in figure 5.

Using equation (68), we can determine sea-level variations at ¥ =0 (along BC in
figure 5) due to uniform stationary wind stress fields suddenly created over the shelf between
()x=Ilandx =%/ (ii) x =% and x =2/, (ili) x =%/ and ¥ = £/, (iv) x =2/ and x = L/,
(v) x =4l and x = 0 (figure 7). Consider five such fields, denoted by F), F,, F,, F,, F;,
associated respectively with the areas (i), (ii), (iii), (iv), (v). Then, superimposing them with
suitable time lags between the commencement of each, a wind area moving towards the
coast may be simulated. If, for example, the fields are created in succession in the order
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(v)

0 10 €h) 20\_/ 30 40

FiGURE 64, b. Elevation of the sea surface at the coast (x = 0) in response to a rise and fall of the water
level at the edge of the shelf (x = /) of duration () 9 h and (4) 18 h.

v

77/

07777 (iif)
v (iv)
//l | | ‘ J(V)

0 15 2/5 3/5 4/5 1
xfl
Ficure 7. Diagram indicating uniform stationary wind stress fields over the shelf between (i) ¥ = {
and x = £; (ii) x = ¢/and x = &/; (ili) ¥ = S and x = 2[; (iv)x = Zandx = }; (v) x = §{
and ¥ = 0.

wind stress
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F,, F,, Fy, F,, F; with a time difference of #, between the beginning of each, then the effect
is that of a wind area which spreads across the shelf from the oceanic edge towards the coast
in time 5¢, behind a boundary moving onshore with speed {/5¢, (= V,, say). If each field is
removed at a time 4%, after its creation then, effectively, a wind belt of width £/ moves
onshore across the shelf as shown in figure 8. The sea-level variations at x = 0 produced by
such changes are obtained by superimposing, at appropriate times, the values of sea-
surface clevation for the five constituent wind fields.

UV /A 0<t<t,

Z At <t <2t

| Z A 2y < t < 3,

T D ) 36, < t < 4t

. g 4ty < t < Bt

¢z /| 5t, < t < 6t,

N 6t, < t < Tt
A

Tty < t < 8%

wind stress

| | | | t > 8t
0 1/5 2/5 35 4/5 1

%/l

Ficure 8. Wind stress field, of width %/, moving across the shelf towards the coast
(x = 0) in steps. The effective speed of propagation of the field is V, = %i/t,.

First we deal with the case when the stress in each of the fields Fy, F,, F;, F,, Fy is of
magnitude 1dyn/cm?, directed onshore. To determine the variation in elevation of the
sea level at ¥ = 0 produced by each field we take P = 1dyn/cm?, @ = 0 and a = %/, 2/, 2,
41, 0 in equation (68). Expressions are obtained giving {, ({ at x = 0) for each value of a.
Each expression gives the response of the sea level at x = 0 due to a wind stress field of the
type defined by equation (23) and shown in figure 2. Then, at x = 0: { = {, (a = &) for

field F,
1 {={(a=3])—{(a=4%l) forfield F,,

{="{o(a=2l)—{(a=2) forfield F,,
{={(a=1%l)—C(a=2l) forfield F,,
{={(a=0)—{(a=1l) forfield F;.
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As an example of the mathematical forms obtained from equation (68) we give {,(a = £{):
numerical work yields

¢o(a = 41) = 0-024797

—0-013572exp (—0-051078¢) — 0-017733 cos (0-61532t—0-16760) exp (— 0-064461¢)
+0-000700 exp (— 0-083032£) --0-008340 cos (1-4550¢— 0-03810) exp (— 0-048484¢)
—0:000118 exp (— 0-087361£) — 0-003903 cos (23649 — 0-02070) exp (— 0-046319¢)
+0-000025 exp (— 0-088634¢) - 0-001634 cos (3:2874¢— 0-01431) exp (— 0-045683¢)
—0-000003 exp (—0-089169¢) — 0-000380 cos (4-2141¢—0-01097) exp (— 0-0454167)
—0-000002 exp ( — 0-089442¢) — 0-000255 cos (5-1428¢— 0-00892) exp (— 0-0452797)
+0-000002 exp ( — 0-089600¢) -+ 0-000479 cos (6:0725¢— 0-00751) exp ( — 0-0452007)
—0-000001 exp (— 0-089699¢) — 0-000445 cos (7-0029¢— 0-00649) exp (— 0-0451507)
+0-000001 exp (— 0-089765¢) -+0-000281 cos (7-9338¢— 0-00572) exp (—0-045117%)
—0-000086 cos (8:8649¢— 0-00511) exp (— 0-045094¢)

(75)

terms corresponding to 7 > 10 being ignored. Here {; is measured in feet and ¢ in hours.

The first term of (75) gives the elevation in the steady state maintained by the wind; the

remaining terms, representing the transient part of the response, are similar in form to those

of (73-2).

Having determined the sea-level response at x = 0 to each of the fields F| to Fj, we are
now in a position to superimpose these fields, in the manner already described, and obtain
the elevation of the sea surface at x = 0 produced by a belt of onshore wind of width £/
(exerting a stress of 1 dyn/cm?) which moves across the shelf towards the coast with an
effective speed V(= [/5¢,) as indicated in figure 8. The results of this superposition are
shown in figure 9(a to f). The following six cases, corresponding to different speeds of
propagation of the wind field, are considered:

V, =82kt (f{,=0-5h), figure 9(a);
V. =41kt (¢, =1h), figure 9(b);
V,=27tkt (f{,=1-5h), figure9(c);
V, =203kt (4, =2h), figure9(d);
V, =162kt ({,=2-5h), figure9(e);
V, =132kt (f{,=3h), figure 9(f).

The diagrams show that the peak value of sea-surface elevation does not vary appre-
ciably with the effective speed of propagation, V,. However, the duration of the surge
associated with this peak value increases as V, decreases. The response curves for the higher
values of V, (figure 9 (a), (b), (¢)) are characterized by a damped oscillation with aperiod of
approximately 10h, arising from the excitation of the fundamental shelf seiche. For the
smaller value of V, (figures 9(d), (¢), (f)) an exponential decay of the peak elevation may be
recognized. Short-period waves, superimposed upon the main response, are evident in all
six cases: they are particularly noticeable in figures 9 (a), (f). These are due to the presence
of higher order shelf seiches, and also arise because of the discontinuous movement (in
steps) of the wind field across the shelf.
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Next, we investigate the response of the sea level at x = 0 to a belt of longshore wind which
moves across the shelf towards the coast. The coastline ¥ = 0 lies to the right of an observer
looking in the direction of the wind. The procedure described above is repeated taking
P =0, @ = —1dyn/cm?2. The results are shown in figure 10 (a to f). The wind belt is again
of width 4/ and the values of V, considered are the same as before. The diagrams show that,
in response to the wind, the level of the sea surface rises to a maximum and then falls gradu-
ally to zero: for the higher values of V, the decay of the elevation is accompanied by oscil-
lations of approximate period ten hours. The lower the speed of propagation of the wind
field, the greater is the peak value of elevation. A comparison of figures 9 and 10 indicates
that the surge produced by the longshore wind field is greater than that produced by the

0101~

{ft.)atx =0

| ] |
0 10 ®) 20 30

t(h) for curves a (upper scale) and & (lower scale)

Ficure 11. Surge due to an onshore wind stress field of 1 dyn/cm? and width £/, moving across the
shelf towards the coast (a) continuously: V' = 13% kt, and () in steps: {, = 3h, V, = 132 kt.

corresponding onshore field, providing that the speed V, is small enough, i.e. providing that
the wind acts for a long enough time over the shelf water. In the generation of a surge by
longshore wind the current set up in the direction of the wind is, in the northern hemisphere,
deflected to the right under the influence of the Earth’s rotation: when the coast lies to the
right of an observer looking in the direction of the wind (as in the present example), the
onshore current thus induced produces a rise in elevation at the coast (a positive surge);
when the coast lies to the left of an observer looking in the direction of the wind, the off-shore
current which is induced produces a lowering of the sea level at the coast (a negative surge).

So far, we have studied the effects on the sea level at x = 0 of a wind belt moving onshore
in a series of steps, each step being separated by a constant time interval, #,. Alternatively,
using equations (71-1), (71-2), we can determine the sea-level variations due to a similar
wind area which moves across the shelf continuously with a uniform speed V. The case of a
wind belt of width £/, with P = 1dyn/cm?, @ = 0 (corresponding to an onshore wind stress
of 1dyn/cm?) and V = 13%kt, is investigated. The response of the sea surface at x = 0 to this
continuously moving wind field is shown in figure 11. The response to the same field when it
moves in steps towards the coast, with effectivespeed: V, = 134 kt (figure 9 (f)), is alsoshown
in figure 11. There is good agreement between the two response curves—allowing a time-
lag of 14(= 4£,) h between them in order to bring the distance-time graphs for the two

47-2
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Ficure 13. Theoretical model of the wind fields over the shelf ABCD from 06.00 h c.Mm.T.
29 November to 18.00 h ¢.m.T. 30 November 1954. Each rectangle represents the shelf area
with its oceanic edge (¥ = /) lying to the right, and shows the wind speed in knots, followed by
the wind direction, during a given time interval.
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modes of propagation into correspondence (figure 12). Clearly, the irregularities super-
imposed upon the main curve in figure 9 (f) are chiefly caused by the discontinuous move-
ment of the wind field across the shelf. The response to the wind field, when it moves uni-
formly across the shelf towards the coast with a speed V = 41 kt, has also been calculated.
The result obtained agrees very closely with the response to the field when it moves in
steps towards the coast with effective speed V, = 41 kt (figure 9 (b)). This shows, as expected,
that the response to a field moving onshore in steps agrees more nearly with the response to
a continuously moving field as the time-step is made shorter.

(¢) Surges at Milford Haven

Figure 13 shows a theoretical model of the wind fields over the shelf area ABCD (figure 5),
from 06.00h 29 November to 18.00h 30 November 1954, constructed from information
given by the Daily Weather Report of the Meteorological Office. A surge of approximately
6 ft. was observed at Milford Haven at 02.00 h 30 November (figure 15). This port lies near
to the midpoint of side BC (x = 0) of the sea area ABCD, and it is therefore of interest to
know whether elevation of the sea surface at x = 0 obtained from the theory on the basis of
the model shown in figure 13 is able to account for the surge.

The significant meteorological changes over the area ABCD during the period considered
may be briefly summarized as follows. Southerly winds (10 to 20kt) are displaced by S.W.
winds (40 kt) which extend across the area behind a warm front and later back to S 25°E.
A cold front subsequently moves across the area followed by high S.W. winds (56 kt)
which later veer to the west. The timing of these events is indicated in figure 13. The fronts
are associated with a depression, the centre of which moves along the Irish Coast (figure 14).

The wind speeds indicated in figure 13 are converted to wind stresses by means of the
formula 1, =p,U?,
where 7, is the wind stress, U the wind speed, p, the density of the air (taken as 0-00125g/
cm?), and ¢ the drag-coefficient. We take ¢ x 103 = —0-12+0-137U for 5 < U < 19-22
(Professor P. A. Sheppard—private communication—drag inferred from wind measure-
ments by application of the well-known logarithmic ‘law of the wall’) and ¢ X 103 = 2-513
for U > 19-22 (Charnock & Crease 1957) where U is measured in m/sec. Table 2 gives wind
stress in dynes/cm? obtained for the various values of wind speed occurring in figure 13.

The changing pattern of wind stress over the area ABCD, thus deduced, is expressed as
a combination of onshore and longshore stress fields, each of magnitude 1 dyn/cm?, of the
five types: F, Fy, Fy, F,, F; (figure 7). The response of the sea level at x = 0 to each field
is known: values of sea-surface elevation associated with each such response are super-
imposed, at appropriate times, to obtain the sea-level variations due to the combination
of fields. In this way the elevation of the sea surface at ¥ = 0 resulting from the sequence of
changes in wind speed and direction given by figure 13 is determined. The result, after the
elevation due to changes in barometric pressure at the midpoint of BC has been added to it,
is shown in figure 15. The curve obtained, giving the surge at the midpoint of BC due to the
effects of both wind and pressure, agrees satisfactorily with the observed surge at Milford
Haven. The first peak in elevation at 16.00 h may be attributed to the passage of the first
front and the wind field following it. The second higher peak at 00.30h is mainly due to
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the strong winds following the second front, but the oscillatory motion set up by the first
wind field also contributes to the high value. The timing of the passage of the fronts over
the shelf water is an important factor in the generation of the surge.

0000h 30Nov. 1954 0600h 30Nov.1954
Ficure 14. Synoptic charts, with an isobar interval of 4 mb.

TABLE 2. WIND STRESS CORRESPONDING TO VARIOUS VALUES OF WIND SPEED

wind speed wind stress
(kt) (dyn/cm?)

10 0-2

20 1-7

30 59

40 13-3

50 20-8

56 26-1

The statical law (Charnock & Crease 1957) is used to calculate the elevation of the
sea surface due to changes in barometric pressure. Dynamical effects in the sea associated
with barometric pressure variations are, therefore, neglected. This neglect may be partly
responsible for the differences between the calculated and observed surgesshown in figure 15.
Differences between them are, however, expected since the theoretical surge applies to a


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

STORM SURGES ON A CONTINENTAL SHELF 381

position some distance offshore from Milford Haven. Itis hoped to investigate the dynami-
cal effects of barometric pressure in a later paper.

In a further example, an attempt is made to reproduce theoretically the surge of approxi-
mately 2 ft observed at Milford Haven at 07. 00h 21 September 1953. A model of the wind

&

, g

_ g [}
\J;] ~d g
| Lia

= 3
N 3
oH o
= 5
23 5 3
= O 5
=w b=
>

()

i)

0600 1200 1800 0000 06100 1200 18100
hours c.m.T., 29 to 30 November 1954
Ficure 15. Surge at x = 0 obtained from the present theory (a), compared with the observed
surge at Milford Haven (b). The theoretical surge consists of a part due to wind stress, and a
part (¢) due to changes in barometric pressure.
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elevation of the sea surface in ft.
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O hours ¢.m.T., 20 to 21 September 1953
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Ficure 16. Surge at ¥ = 0 obtained from the present theory (a), compared with the observed
surge at Milford Haven (b); (¢) the surge due to changes in barometric pressure.

fields over the shelf area ABCD from 12.00 h 20 September to 00.00 h 22 September, similar
in form to that given in figure 13, is constructed. From this we deduce the wind surge at
x = 0, to which is added a contribution due to changes in barometric pressure. The pro-
cedure is, in fact, the same as that described in the first example and the results obtained are
shown in figure 16. The theory predicts a surge of 2:06 ft. occurring between 07.00 and
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09.00h, 21 September, which agrees satisfactorily with the observed surge. The wind
effect on the sea level is much smaller than that in the first example—owing mainly to lighter
winds. Also, in the present case, only one meteorological front (followed by its associated
wind field) passes over the shelf area ABCD, whereas in the first case there is the combined
effect of two fronts.

The meteorological changes over the area ABCD from 12.00h 20 September to 00.00 h
22 September 1953 (relevant to the last example) were largely determined by a depression
which moved eastwards across the British Isles. After moving in from the Atlantic, its
centre crossed Northern Ireland during the interval 06.00 to 12.00h, 21 September, and
at 00.00h 22 September was located near the border between England and Scotland. A
front associated with the depression moved across the sea area ABCD between 18.00h
20 September and 00.00h 21 September. This displaced westerly winds (18 kt)—which
progressively backed to the south and increased in strength to 28 kt—by stronger westerlies
(30 to 33kt) which veered to W 30°N as the depression moved away to the east.

11. CONCLUSIONS

A theory has been developed for the calculation of surge levels, along an open coast,
associated with the onshore movement of wind fields across a shelf sea which adjoins the
coast. Application of the theory indicates that surges generated in this way occur on the
west coast of the British Isles. In such cases the wind fields, associated with moving depres-
sions, act over the sea area to the south of Ireland.

The character of the surge along an open coast produced by a wind field moving onshore
is influenced considerably by the speed of propagation of the field. For conditions appropri-
ate to the west coast of the British Isles, results obtained from the theory show that surges
corresponding to speeds of propagation above about 20kt exhibit oscillations due to the
excitation of shelf seiches ; for lower speeds, however, the surges are predominantly aperiodic
in type. Examples worked out in this paper show the possibility of greater surges being
generated by fields of longshore wind than by the corresponding fields of onshore wind.

From a theoretical investigation we conclude that oceanic surges incident on the con-
tinental shelf to the south of Ireland are not amplified in their passage across the shelf to
the coast—due to dispersion caused by the rotation of the Earth, and dissipation of energy
by friction. To test the theory in this respect, observations of sea level at the oceanic edge of
the shelf would be required, in addition to those at coastal positions.
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